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Abstract. We improve and extend some known regularity criterion of weak solution 
for the 3D viscous Magneto-hydrodynamics equations by means of the Fourier localization 
technique and Bony's para-product decomposition. 
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^ ■ 1 Introduction 

> 

m 

^^ ' In this paper, we consider the 3D incompressible magneto-hydrodynamics(MHD) equations 



O ■ (MHD) < 



CJIJ 1 

uAu + u-Vu = -Vp V6^ + b-Vb, 

db 

r}Ab + u-Vb = b-Vu, (i,i) 

V-u = V-6 = 0, 
, n(0, x) = uo{x), 6(0, x) = bo{x). 



Here u, b describe the flow velocity vector and the magnetic field vector respectively, p is a 
scalar pressure, z^ > is the kinematic viscosity, r/ > is the magnetic diffusivity, while uq 
and bo are the given initial velocity and initial magnetic field with V • uq = V • 6o = 0. If 
1/ = r] = 0, (jl.ip is called the ideal MHD equations. 

As same as the 3D Navier-Stokes equations, the regularity of weak solution for the 3D 
MHD equations remains openflTj. For the 3D Navier-Stokes equations, the Serrin-type cri- 
terion states that a Leray-Hopf weak solution u is regular provided the following condition 
holds [DEI El [Ml [H]: 

uGL'1{0,T;LP{R^)), for | -F | < 1, 3 < p < oo, (1.2) 

or 



VnEL«(0,r;LP(R3)), for - + - < 2, - < p < oo. (1.3) 

q p 2 

Recently, Chen and Zhang [3] have refined the above conditions as follows: If there exists a 
small eo such that for any t € {0,T),u satisfies 



limsup2-'"'? / \\Aju{TmdT < eq, 

^^^ j Jt-e 



(1.4) 



with - + - = 1 + s, Y^ < p < cxD,— 1 < s < 1, and {p,s) ^ (cxd,1), then u is regular 
in (0, T] X M^, where Aj denotes the frequency localization operator. For the marginal 
case(p = 3,q = cxo), Cheskidov and Shvydkoy [6] have refined (|1.2p to 

ueCi[0,T];B^]^). (1.5) 

Here B^^ stands for the inhomogenous Besov spaces, see Section 2 for the definitions. 

Wu [201 m] extended some Serrin-type criteria for the Navier-Stokes equations to the 
MHD equations imposing conditions on both the velocity field u and the magnetic field b. 
However, some numerical experiments [15j seem to indicate that the velocity field plays the 
more important role than the magnetic field in the regularity theory of solutions to the MHD 
equations. Recently, He, Xin[12], and Zhou pi] have proved some regularity criteria to the 
MHD equations which do not impose any condition on the magnetic field b. Precisely, they 
showed that the weak solution remains smooth on (0, T] x M^ if the velocity u satisfies one 
of the following conditions 

nGL«(0,r;LP(M3)), - + -<1, 3<p<oo; (1.6) 

q p 

nGC([0,r];L3(M3)); (1.7) 

VnGL«(0,r;LP(M3)), - + -<2, -<p<oo. (1.8) 

q p 2 

Meanwhile, inspired by the pioneering work of Constantin and Fefferman [7] where the reg- 
ularity condition of the direction of vorticity was used to describe the regularity criterion to 
the Navier-Stokes equations. He and Xin [12] showed that the weak solution remains smooth 
on (0, T] X M'^ if the vorticity of the velocity w = V x u satisfies the following condition 

\w{x + y,t) — w{x,t)\ < K\w{x + y,t)\\y\'2 if |y| < p \w{x + y,t)\ > i^, (1-9) 

for t € [0, T] and three positive constants K, p, Q. 

For the marginal case p = oo in (jl.Sp . Chen, Miao and Zhang [4j proved a Beale-Kato- 
Majda criterion in terms of the vorticity of the velocity u only by means of the Littlewood- 
Paley decomposition. 

For the generalized MHD equations with fractional dissipative effect, Wu|221 [23] estab- 
lished some regularity results in terms of the velocity only. 

The purpose of this paper is to improve and extend some known regularity criterion of 
weak solution for the MHD equations by means of the Fourier localization technique and 
Bony's para-product decomposition [2l[5]. Let us firstly recall the definition of weak solution. 



Definition 1.1. The vector-valued function (n, b) is called a weak solution of lll.l\) on (0, T) : 
M"^ if it satisfies the following conditions: 



(1) {u,b) eL°°{0,T;L'^{R^))nL'^iO,T;HH 

(2) divu = divb = in the sense of distribution; 

(3) For any function il^{t,x) G Cq°{{0,T) x M^) with dimp = 0, there hold 



T 




and 



{u-i/jt- fVu ■ VV" + V^ : {u®u-h® b)}dxdt = 0, 



{b-ipt- r]Vb -V^ + Vij) : {u®b-b® u)}dxdt = 0. 



Similar to the Navier-Stokes equation, the global existence of weak solutions to the MHD 
equations can be proved by using the Galerkin's method and compact argument, see[8]. Now 
we state our main result as follows. 

Theorem 1.1. Let (no,6o) G L^(M^) with V • uq = V • 6o = 0- Assume that {u,b) is a weak 
solution to lil.l]) on (0, T) x M^ with <T < oo. If the velocity u{t) satisfies 

u{t)eL^O,T;B;^^), (1.10) 

with - + - = 1 + s, Y^ < p < oo, — 1 < s < 1, and {p, s) / (oo, 1). Then the solution {u, b) 
is regular on (0,T] x R^. 

Remark 1.1. By the embedding L^ C B^^, we see that our result is an improvement of 
U.6\) and U.8\) . In addition, we establish the regularity criterion of weak solution for the 
MHD equation in the framework of Besov spaces with negative index in terms of the velocity 
only. On the other hand, the method in this paper can be applied to the generalized MHD 
equations, please refer to fUj \2^ for details. 



Remark 1.2. In the case of s = or s = 1, Kozono, Ogawa and TaniuchiJT^ proved the 
similar results for the Navier-Stokes equations by using the Logarithmic Sobolev inequality in 
the Besov spaces. However, if we try to use their method to our case, we can only obtain the 
regularity criterion in terms of both the velocity field u and the magnetic field b. 

Remark 1.3. Chen, Miao and Zhangljj proved the marginal case {p, s) = (oo, 1) by using a 
different argument. However, the method of ^ can't also be applied to the present case. 

Remark 1.4. The regularity of weak solution {u,b) under the condition 

ueC{0,T;B^]^) (1.11) 

remains unknown. One easily checks that it is the special case of the endpoint case of (jl.lOp 
in Theorem \1J\ with s = —1. 



Notation: Throughout the paper, C stands for a generic constant. We will use the notation 
A < B to denote the relation A < CB and the notation A ~ i? to denote the relations A< B 
and B < A. Further, || • |L denotes the norm of the Lebesgue space L^. 



2 Preliminaries 

In this section, we are going to recall some basic facts on Littlewood-Paley theory, one may 
check [5] for more details. 

Let 5(M'^) be the Schwartz class of rapidly decreasing functions. Given / G 5(M^), its 
Fourier transform Tf = f is defined by 

no = (2vr)-i / e-"-«/(x)dx. 



Choose two nonnegative radial functions x^ ^ ^ 5(M^) supported respectively in B = {(, G 
M^, 1^1 < |} and C = {^ G M^ | < |?| < §} such that 

i>o 

Set (pjiO = ip{2^^0 and let h = T^^^p and h = T^^x- Define the frequency localization 
operators: 

A,-/ = ^{2-^D)f = 2^^ [ h{2^y)f{x - y)dy, for j > 0, 

Sjf = xi2-W)f = Y. ^kf = 2'' /, ^(2'y)/(^ - V)dy^ and 

A_i/ = 5o/, A,/ = for j<-2. (2.1) 

Formally, Aj = S'j+i — Sj is a frequency projection into the annulus {|^| f« 2-^}, and Sj is a 
frequency projection into the ball {|^| < 2-'}. One easily verifies that with the above choice 

of (/? 

A.Afe/ = i/ li - A;| > 2 and A,{Sk-ifAkf) = if \j -k\>5. (2.2) 

We now introduce the following definition of inhomogenous Besov spaces by means of Littlewood- 
Paley projection Aj and 5^: 

Definition 2.1. Let s€ffi, l<p, g<oo, the inhomogenous Besov space B^ is defined by 

B;,g = {/ G 5'(M3); W/Wbs^^ < oo}, 

where 

Y,2n\^,f\\%y, for g<oo, 

sup 2-'''||Aj/||iP, for q = oo. 

Let us point out that i?! 2 i^ the usual Sobolev space H'^ and that B^ ^ is the usual 
Holder space C* for s G M \ Z. We refer to [18] for more details. 



P,<3 



We now recall the para-differential calculus which enables us to define a generalized prod- 
uct between distributions, which is continuous in many functional spaces where the usual 
product does not make sense (see [2]). The paraproduct between u and v is defined by 

TuV = y^ Sj^iuAjV. (2-3) 

j 

Formally, we have the following Bony's decomposition: 

uv = TuV + T^u + R{u,v), (2-4) 

with 

R{u,v) = y^ AjuAjtv, 

and we also denote 

T;^v^TuV + R{u,v). 

Let us conclude this section by recalling the Bernstein's inequality which will be frequently 
used in the proof of Theorem 1.1. 

Lemma 2.1. f^ Let I < p < q < oo. Assume that f ^ U' , then there exists a constant C 
independent of f , j such that 

supp/ C m < C2^} =^ Wd'^fh. < C3^''"'+'^'^'"'^||/||l., (2.5) 

supp/c|i2^^<|e|<C2A^||/||Lp<C2-^'l"l sup \\d^f\\Lp- (2.6) 

3 Proof of Theorem 1.1 

Since the weak solution {u{t),b{t)) G L'^{0,T; H^{R^)), for any time interval (0,(5), there 
exists an e S (0,(5) such that {u{e),b{e)) € //""^(M^). It is well known that there exist a 
maximal existence time Tq > and a unique strong solution 

{uit),m)eXie,To)^C{[£,Toy,H\R^))nC\ie,To)-H\R'))nC{ie,Toy,H^{R^)) 

which is the same as the weak solution (n, 5) on (e,To)[8l |T7]. In order to complete the proof 
of Theorem 1.1, it suffices to show that the strong solution {u{t), b{t)) can be extended after 
t = To in the class X(£,Tq) under the condition of Theorem 1.1. For the convenience, we set 
i' = r] = 1 and e = in what follows. We denote 

Uk = ^kU, h = ^kb, TTk = Afcvr, 
here tt = p + ^b"^. We get by applying the operation A^. to both sides of (jl.ip that 

J dtUk - Auk + Afc(n • Vn) - Ak{b ■ V6) = - Vvrfc, 
1 dtbk - Abk + Afc(n • V5) - Afc(6 • Vn) = 0. 



Multiplying the first equation of (|3.1|) by Uk and the second one of (|3.ip by 6^, we obtain by 
Lemma 2.1 for A; > that 

^^IhfcWIli + c'^'^^WMMl = -{^k{u ■ Vn), Uk) + {Ak{b ■ V6), Uk), (3.2) 

IjtW^kiml + c2^''\\hml = -(Afc(n • V6), bk) + {Ak{b ■ Vu), b^). (3.3) 

Set 

Fk{t) ^ {\\u,{t)\\i + iMtmy. 

Then we get by adding ([32]) and ([S^D that 

\j^^k{tf + c2^''Fk{tf = - (Afc(n • Vn), u^) + (Afc(6 • Vb), uu) 

- (Afc(n • V6), bk) + (Afc(6 • Vu), bk). (3.4) 

Noting that 

(n • Vufc, Ufc) = (n • V6fc, 6^) = 0, 

{b-Vbk,Uk) + {b-Vuk,bk) =0. 
The right hand side of (|3.4p can be written as 

(K Afc] • Vu,uk) - ([6, Afc] • V6,Ufe> + ([n, Afc] • V6,6fc) - ([6, A^] • Vn,6fc> 
= 1 + 11 + 111 + IV, 

where [A, B] = AB — BA. Using the Bony's decomposition ()2.4p . we rewrite / as 

I = {[Tu',Ak]diU,Uk) + {T'^^Q^.y ,Uk) - {AkT9^uu\uk) - {AkR{u\diu),Uk) 
Al^ + I^ + L, + U. 

In view of the support of the Fourier transform of the term Tq-^u^, we have 

AkT9^uu'= Yl Ak{Sk'-li^^u)ui,). 

\k'-k\<4 



This helps us to get by Lemma |2. II 



Ihl^Wukh X] W'^Sk'-iuWooWuk'h- (3.5) 

|fc'-fc|<4 



Since divu = 0, we have 



AkR{u\diu)= ^ diAk{Ak'u'Aknu). 

k',k">k-2;\k'-k"\<l 

This together with Lemma 2.1 yields 

l^4|<2^l!nfc||oo Yl ll^'^'lls- (3-6) 

k'>k-2 



Using the definition of T^ d u'^^^ ^^ have 

k'>k-2 

Note that Sk'+2^kU = A^u for k' > k, we get 

I2 = ^ {Sk'+2AkdiuAk'u\uk), 

k~2<k'<k 

from which and Lemma 2.1, it follows that 

h<\\uk\\2 ^ ||V5fc/_in||oo|lnfc/||2 + 2*^||nfc||oo ^ Il'"fe'll2- (3-7) 

\k'-k\<2 k'>k-2 

Making use of the definition of A^, we have 

[T^^,Ak]^iU= ^ [Sk'-iu\Ak]diUk' 

fc'-fc|<4 

= Yl 2^' f hi2''ix-y)){Sk'^iu\x)-Sk'-iu\y))diUk'iy)dy 

\k'-k\<4 -^^^ 

= E 2''/ f yVSk'-iu\x-Ty)dTdM'2'y)uk'ix-y)dy, 

\k'-k\<A -^^^ -^0 

from which and the Minkowski inequahty, we infer that 

l-^il ^ ll^fclb ^ ||V5fc'--in||oo||nA,.'||2. (3.8) 

fc'-fc|<4 



By summing up (|3.5p - (j3.8|) . we obtain 

l-^l ^ Ih-ifelb E llVS'A;'-iu||oo||'Ufc'||2 + 2''||ufc||oo ^ ll^fc'lli- (3-9) 

|fc'-fc|<4 k'>k-2 

Similar arguments as in deriving p.9p can be used to get that 

1-^^ + -^^! <ll^ifc||oo Yl \\^Sk'-ib\\2\\bk'\\2 + 2^\\uk\\oo Yl \\^k'\\l 

|fc'-fc|<4 k'>k-2 

+ \\bk\\2 Y (ll^'S'fc'-l'ullooll&fc'lb + ||VS'fc'-l6||2|hfe'||oo) 
fc'-fc|<4 

+ 2''\\bk\\2 Y \\uk'\\oo\\bk'M2, (3.10) 

k'k">k-2:\k'~k"\<l 



and 



l-^^-^l ^ll^fclb Y (ll^'S'fc'-l'"||oo||&fe'||2 + ||VS'A..'-l6||2||nA,.'||oo) 
|A;'-fc|<4 

+ 2'=||6fc|l2 Y hk'\\oo\\bk"h. (3.11) 

k',k">k~2;\k'-k"\<l 



Combining (fgTUIl - ffXTn) with ([33]), we easily get for fc > that 



dt 

'^ {\\ukh + Whkh) ^ \\^Ski-iu\\oo{\\uk'\\2 + \\bk'h) 

\k'-k\<i 

+ ^ |lVS'fc'-l6||2(|16fe'||2||^tA:||oo + ll^ifc'llooll&fclb) 
|fc'-A:|<4 

+ 2 ||6fe||2 2_^ ||'Wfe'||oo||fcfc"||2 

k',k">k-2;\k'-k"\<l 

+ 2^\\uk\\oo Yl iWbk'Wl + \\uk' Wl). (3.12) 

k'>k-2 
-+-— 1 -—1 

Making use of Bp^oJ' (R^) ^-> B^^oo{^^), we only need to deal with the case when p = +oo 
since the other cases can be deduced from it by above Sobolev embedding. Here we omit the 
details. By the restrictions on p, q, s, we see that s = | — 1 and q G (1, +cx3). 

Case 1. qe (1,2]. 

Integrating (I3.12|l with respect to t, we deduce that 

ft 



Fk{tf-Fk{0f + 2''' f Fkirfdr 
Jo 

< iWukh + Wbkh) ^ \\'^Sk'-lu\\ooi\\Uk'\\2 + \\bk'\\2)dT 

•^° |fe'-fe|<4 

+ / X^ ||V5fc'-l6||2(||&fc'||2||^ife||oo + ||'"fe'||oo||fefc||2)c^T 

■^° |fc'-fc|<4 

+ / 2''||6fe||2 Yl \\uk'\\oo\\bk"\\2dT 

° k',k">k-2;\k'-k"\<l 

+ / 2*^||ufc||oo Y (\\^k'\\l + \\Uk'\\l)dT 
"^° k'>k~2 

^ni + n2 + n3 + n4. (3.13) 

Take p € (^, 1) and set 

A{t) ^ sup 2''PFkiT), B{t) = sup 22'=(^+i) f Fkirfdr. 

k>-l fc>-l Jo 



We get by using Lemma 2.1 that 

k'-2 



2'^"Ii^< f 2'"^"{\\ukh + \\hkh) Y. E W'\\oo2''"{\\uu>h + \\bk'\\2)dT 

•^° |fc'-A:|<4fc"=-l 

•^° |fc'-fc|<4 fe"=-l 

JO 



^ ( f\\u{T)\\%.^A{TfdT)h{tf-\, (3.14) 



„ oo.oo 



where we used the fact that 1 < g < 2 in the last two inequalities. Similarly, we get by using 
Lemma 2.1 and the fact that p < 1 and 1 < g < 2 that 



22'=Pn2< / ||n(r)b^_^2'=(^-|+2'') ^ ^ \\h,. h2'" {\\hyh + \\h,h) dr 

•'^ \k'-k\<Ak"=-l 

< f \Hr)\\Bs^,^A{r)2'^'-'^^'^^ ^ 2>''('-^\\\b,,h + \M2)dT 

•'^ |fc'-fc|<4 

^ [f \\u{T)\\%.^^A{TfdT)''B{tf~-., (3.15) 

2^^''IL,< f \\u{T)\\Bs^^^2^^'P+^)\\b,h E llV||22^''(^-|)dr 

•^° k'>k-2 

<r||n(r)lbg.,^A(r)2^(2^+i) 115,1b j; 2'='(^-|-'')dr 

•^*^ k'>k-2 

<(/V(t)|||. A(r)2dr)'i?(t)i4, (3.16) 



< (^V(r)||^^^^(r)2rfr)'i?(t)^-i (3.17) 

On the other hand, the strong solution (n, b) also satisfies the energy equality 

IWrnl + mml + 2 [\\\Vuir)\\l + ||V6(r)||i)dT = holli + llftolli, 
Jo 

hence, we have 

||A_iu(t)||2 + ||A_i6(t)||2 < C{\\uo\\2 + II60II2). (3.18) 

Thus, summing up (j3.13p - (|3.18|) . we get by the Young's inequality that 

ft 

^2 / r'/' /l/'n^2 , IL, ||2 , ml ||2n , ^ / \\„,f^\\\q A/^\2, 



A{ty<C{A{Oy + \\uoU + \\boU) + C \\uir)\\% AirYdr. 



„ 00,00 



which together with the Gronwah inequahty yields that 

A{tf<CiAiO)^ + \\uog + \\bo\\l)exp(cf\\u{T)\\%s dr). (3.19) 

V Jq ^00,00 / 

Case 2. qe (2, +cx3) 

Multiplying (|3.12p by 2^^^'^~^^ Fk{t)'^^'^~^\ then integrating the resulting equation with 
respect to t leads to the result for fc > 

Jo 

< / 22^-(«-l)Ffc(T)2('?-l)(||nfc||2 + ||6fc||2) Yl l|VSfc'-l^|loo(|lnfc.|l2 + \\bk'\\2)dT 
•^° |A:'-A:|<4 

+ / 22'=('?-i)Ffc(r)2(^-i) Y. \\'^Sk'-ibU\\bk,h\\uk\\oo + \\uk'\\oo\\bk\\2)dT 

•^^ |fc'-fc|<4 

+ r22'=(^-i)Ffc(r)2(5-i)2^||6fc||2 Y. hk'\U\bk"\\2dT 

^ k',k">k-2;\k'-k"\<l 

+ l\'^K,-i)F^{rf'^'i-^h'^\\uk\\oo Y i\\f^k'f2+\\nk'\\2)dr 

•'^ k'>k-2 

^ Hi + n2 + Ha + n4. (3.20) 



Set 

1 /■* 

A{t) ^ sup 2(^^^)*--Ffc(t), B{t) ^ sup 2^^i / Fkirf^dr. 

k>-l k>-l Jo 

We obtain that by Lemma 2.1 

k'-2 



ni< /" 22'=('?-i)F,(r)2(^-i)(||n,||2 + ||&fc||2) Y E ll^fc"lloc2^"(lkfc'll2 + ||6fc'||2)dr 

•^° |fc'_fc|<4fc"=-l 

< f2'''('^-')Fk{Tf('^-'^\\u{T)\\Bs^A{rfdr 



Jo 



t .1 ^ 



^(/ ll^(T)||^g^^^(r)2^drj'i?(t) — . (3.21) 

Similarly, we get by using Lemma 2.1 and the fact that q < +cxd that 

rt k'-2 



U,< f 2'''('^-'^Fk{Tf('>''^\\n{r)\\Bs^^^A{r)2'^'--.^ Y Y ^"^ {Wh'h + \\bk\\2)dT 

•'^ \k'-k\<Ak"=-l 

< r22'(^-^)F,(r)2('?~i)h(T)|Uj^_^^(r) Y ^'^''~^\\\bk'\\2 + \\bk\\2)dr 



k'-k\<4: 

< (/V(T)|||jg^_^^(r)2'^cir)'i?(t)^, (3.22) 

10 



n3< r2^^-(^-i)F,(r)2(^-i)|ln(r)||B^,^ Y^ ||6.ni22'^'^^-'^2'=||6.|Mr 

•^° k'>k-2 

•^° k'>k-2 

^(/V(T)||?jg^^^(T)2^dr)'i?(t)'^, (3.23) 

-^ 

n4< r22^(^-i)Ffc(r)2(''-i)||n(r)||B^^ 
Jo 

(IIVII2 + Il^fc'll2)2 ^ "'2^ ^^ 'j'dT 
k'>k-2 

Jo 
<{j\HT)\\l.^^^AiTf^dr)'Bit)'^. (3.24) 

Thus, combining p.20p - ()3.24p with (j3.18p and using the Young's inequaUty lead to the result 
that 

Aitf < C{AiOfi + llnoll^^ + II60II2') + C I ||n(r)||^, Airf'^dr. 

Jo °°'°° 

This together with the Gronwall inequality yields that 

sup Aitfi<CiA{Of'^ + \\uo\\l'' + \\bo\\l')exp(c [ ||n(r)||^, dr) . (3.25) 

t€[0,T] ^ Jo °"'°" ^ 

By means of (j3.19p and (j3.25p . it follows that there exists p > ^ such that 

sup {Mt)\\HP + \\b{t)\\H^) <+00, 

te[o,To] 



by Sobolev embedding ^^^(M^) ^ HP{M.^) with p > ^ and B^J (R^) ^ HP{R^) with q > 2. 
Thus, the standard Picard's method [101 [T3] ensures that the solution (u, b) can be extended 
after i = Tq in the class X(0,Tq). This completes the proof of Theorem 1.1. D 
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